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ALEXANDRU ALEMAN AND DRAGAN VUKOTIC 



ON BLASCHKE PRODUCTS WITH DERIVATIVES IN BERGMAN 
SPACES WITH NORMAL WEIGHTS 

O ' 

o 

ABSTRACT. We generalize a well-known sufficient condition for inter- 
polating sequences for the Hilbert Bergman spaces to other Bergman 
spaces with normal weights (as defined by Shields and Williams) and 
obtain new results regarding the membership of the derivative of a 
Blashke product or a general inner function in such spaces. We also 
apply duality techniques to obtain further results of this type and ob- 
' tain new results about interpolating Blaschke products. 

Introduction 

The conditions under which the derivative of a Blaschke product be- 
longs to certain spaces of analytic functions in the disk is a subject with 
long history. Membership of the derivative in the Hardy spaces H p was 
\ investigated in (26), fl3H, (U, and and a study of when it belongs to B p , 

the Banach envelope of H p with < p < 1, can be found in 01!]]. For an 
overview of such results until the early 1980s, we refer the reader to [8J. 
Membership of the derivative of a Blaschke product in weighted Berg- 
Ch ! man spaces L p ' a was studied in [2j and ||20| and more recently in ||2T|, 

EH HZl [HI, GSBIi and El. Recall that for a > -1 the standard weighted 
Bergman space L p,a (often also denoted by A^) is defined as the set of all 
analytic functions / in the unit disk D for which 

\\f\\l v , a = (a + 1) / \f(z)\ p (l - \z\ 2 rdA(z) < oo . 
Jo 

When a = 0, we write simply L p a and refer to it as the Bergman space. A 
direct application of the Schwarz-Pick lemma shows that the derivative 
of any Blaschke product B belongs to n <p<i-^a. Rudin [27] proved that 
there are Blaschke products whose derivative does not belong to L\ and 
Piranian [25 J gave an explicit example. Ahern [2 J found a necessary and 
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sufficient condition for the membership of B' in the standard weighted 
Bergman space L p ' a expressed in terms of \B\. 

Since Ahern's condition is non-trivial to check, it is desirable to have 
other conditions, either necessary or sufficient, for the membership of 
B' in L p a or in more general weighted Bergman space L p a {w), where by a 
weight w we mean any strictly positive measurable function w in D which 
replaces the function (a + 1)(1 — |,z| 2 ) a in the definition. Such criteria are 
often given in terms of the moduli of the zeros of B or in terms of their 
location: belonging to some Stolz angle, some separation (discreteness) 
condition, etc. It is precisely this setting in which a study was carried out 

in ma, mm, eutzhhl ° r el 

Recall that a sequence {a n } in D is said to be separated (or uniformly 
discrete) with constant of separation S if 



a k 



1 — <2fca n 



5 > 0. 



(1) inf TT 

By a well-known theorem of Carleson, this is equivalent to (a n )^ =1 being 
an interpolating sequence for the space H°° of bounded analytic func- 
tions. An important class of separated sequences is that of exponential 
sequences; it is known that, unlike in Rudin's example, the derivative of 
every Blaschke product whose zeros form an exponential sequence be- 
longs to L\. 

The main purpose of this article is to extend several earlier results to 
the context of weighted Bergman spaces with normal weights as defined 
by Shields and Williams j|3T1 . For a non-negative radial weight on the 
unit disk D, its values in D are completely determined by the values in 
the interval [0, 1). A positive function w(r) in this interval is normal if, 
roughly speaking, it grows at the rate controlled by two positive powers 
of 1 — r (see B3Tfl and 0, for example). As a "rule of thumb", a space with 
such weights behaves to a certain extent like the unweighted one. 

In Section [I] of the paper we review the necessary background and 
prove two results. One is a basic proposition of Shields-Williams type 
which explains the asymptotic behavior of certain weighted integrals and 
which is needed in the rest. The other is a sufficient condition for inter- 
polation in weighted Bergman spaces. Our main tool in this section is the 
use of the so-called Bekolle condition @. 

In Section [2] we consider some conditions which are either necessary 
or sufficient for membership of the derivative of a Blaschke product in 
Bergman spaces with normal weights, thus generalizing several results 
obtained previously. We also study the integrability of the derivative of a 
general inner function in the disk in terms of the properties of its gener- 
alized counting functions. Our results allow us to deduce as a corollary 
one of the main results from UTTI . Also, several propositions from ||T5l 
follow for free as well. It follows from our main theorems that there are 
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interpolating Blaschke products which are in no L p a , p > 1. An explicit 
example was given in 11131 Theorem 3.8]. We remark that Pelaez [24|, in- 
spired by Piranian's construction [25], has recently constructed such a 
product which is not in L\. It is not clear whether our method could al- 
low us to produce such examples, so there are some limitations to the 
techniques used here. 

In Section|3]we use Luecking's duality theorem for weighted Bergman 
spaces to obtain some further estimates on the integral of \B'\. As a main 
result, our Theorem [Uprovides the weighted Bergman space analogue of 
a theorem due to Cohn [7] which relates the membership of \B'\ in certain 
Hardy spaces with the orthogonal complement of the invariant subspace 
of H 2 generated by B. 

Section H] includes some closing remarks. In it, we mention some pos- 
sible formulations of our results in terms of derivatives of higher order. 



1. Normal weights 

We will typically consider measurable functions w : D — > [0, +oo). Such 
a function is said to be radial if w(z) = w(\z\) for all z in D; obviously, 
its values are then completely determined by the values on the interval 
[0,1). Since such functions are usually important examples of weights for 
Bergman spaces, further special growth or integrability conditions are of- 
ten imposed on them, especially in relation to certain integral operators; 
see 13, for example. In this paper we will also consider one special and 
important class of radial weights: the so-called normal ones. Following 
Shields and Williams |3"T1 , we will say that the function w : [0, 1) — >• [0, oo) 
is normal if there exist real numbers a and b and r G (0, 1) for which the 
two following conditions are fulfilled: 



(1 - r) a 

and 

w{r) 



oo for r > r 



'1 — r 



\ for r > r 



One of the basic properties of radial normal functions is the following 
fact. 

Lemma 1. For each t e (0, 1) there exist constants c and C depending only on 
t such that 

cw(0 < w(z) < Cw{C) 
whenever \z\ > r and \z — C| < t (1 — \z\). 
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Proof. The proof is simple, so to illustrate the method it suffices to prove 
only one of the inequalities, say in the case \(\ > \z\. Under this assump- 
tion, the obvious inequalities 

u>(|z|) w(z) 



w(\z 


+ t(l - 


\z\)) _ w(\z\ 


+ t(l- 1 


*\)) 


(1- 


t)»(l - 1 


z\f (1- 


z 


l-t(l- 


\z\)) b 



< 



'l-\z\ 



yield 

w(C) = w(\C\) < w(\z\ + t(l - |*|)) < (1 - 
whenever |* — C| < t (1 — |*|). □ 
Given a normal function w, denote by a w and b w the optimal indices 

a w = mt{a : — f oo , r > r a } , 0^ = sup{6 : -r \ , r > r b \ 

(1 — r) a (1 — rj° 

Note that a w > b w and also that it is not required that the functions 



"' (/-) w(r)(l-r) K 



<l _ r )a w ' 



be increasing and decreasing respectively 

We list below some estimates for normal functions. They should be 
compared with the usual integral estimates for the standard radial weights. 
For example, it is well known that 

J 7im (A) x j^ ^-^ +x dA{z) = O ((1 - |A|r m+1 ) 

as |A| — > 1 (see |[T8l Theorem 1.7], for example). As is usual, throughout 
the paper the notation u(X) x v(X) will mean that the quotient of two 
positive functions u and v is bounded from above and below as |A| — > 1. 

The estimates below are essentially known to the experts and can be 
attributed to Shields and Williams. Certainly, some lemmas in their paper 
B3TI have a similar flavor and use similar proofs. 



Proposition 1. Let wbe a normal function and let m e R. For X e D, let 



J m ,w(X) = / log 



A* I 
1 — Xz 



X-z 

(i) If m > — 1, a w < m, and b w > —1 then 

/ m ,™(A)x™(|A|)(l-|A|) 

(ii) Jfm e E, a w < m + 1, and b w > m then 

J m , ro (A)x«;(|A|)(l-|A|) 



2|)- m - 2 w(|z|)dA(2). 
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Assume also that: 

(*) There exists a such that < a < 1 and the function 

w(r) a 1 
log 



(1 — r) aw 1 — r 



is increasing for r > r . 
Then: 



(iii) If m > — 1, a w = m and b w > — 1 
/ m ,»(A)=0^(|A|)(l-|A|)- m lo gT ^^ when |A|-1. 

(iv) Ifm e R, a w = m + 1, and b w > m then 

J m ^(A)=0^(|A|)(l-|A|)- m lo gr ^^) as |A|->1. 

Proo/. We only prove parts (i) and (ii) in order to illustrate the basic tech- 
nique. Let a, b be arbitrary real numbers such that m > a > a w and 

-1 < b < b w . 

(i) By applying the usual splitting argument for the normal weights and 
taking into account that the function (1 — r)~ a w(r) is increasing on (r , 1) 
and (1 — r)~ b w(r) is decreasing on (r , 1), we obtain for r < |A| < 1 

w(z) f 1 ( f 2n d6 \ dr 



(1 - |A|r) m+1 



: |A| w(r) f 1 w(r) 

~ ' ' ! ' (l-\Mr)^ dr + J lM (l-\X\r)^ dr 



< C(i-|A!)-MIA|)£ p#j=^r* 

+ c(i- i Ai)-MiAi)£ (1 i 1 | -; ) ) : +l rfr 

/•|A| 

< C7(l - |A|)-M|A|) / (1-r)— 1 

+ (l-|A|)- 6 - m - 1 W (|A|) / (l-r) b dr 

J\x\ 



< C«;(|A|)(l-|A|)- m . 
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The constant C above may differ from one appearance to another. Simi- 
larly, since — 1 < b < b w < a w < m, 



.,,„ (l-|A|r)-+! " v 1 " " u J ro (l-jAlr)^ 1 
> C{\ - |A|)-"M|A|) J™ {1+ X x)m+1 dx > C{\ - |A|)- m ^(|A|) . 

(ii) By Jensen's formula we have 

1 f 1 1 

J m ,w ( A) = log j-j / w(r)(l - r)' m ~ 2 rdr + / log -w(r)(l - ry m ~ 2 rdr , 
\M Jo J\x\ r 

and the estimates for J mtW (X) follow with the same argument as above. 

□ 

If the normal weight w is integrable, for example, if b w > — 1, we can 
consider the weighted Bergman space L%(w), p > 0, which consists of 
analytic functions / in ID) with 

\\f\\ P P , w = [ \f\ P wdA <oo. 
Jo 

Using Lemma [H it follows easily that if / G L p a {w) then 



\f(z)\<C(w(\z\)(l-\z\) 2 ) 



2\- 1 /'P 



p,w ) 



for some constant C > and all z G D. By Proposition [T](i) we have that 

sup \f(z)\^{w(\z\)(l-\z\f)- 1/p , 



,,<1 



if 6^ > —1. We can then consider interpolating sequences for these spaces. 
A sequence (z n )^ =1 in D is called an interpolating sequence for Z^(iu) if for 
every (a n ) G £ p there exists / G L p a (w) such that 

/(2;„) (w(|2; n |)(l - \z n \) 2 ) 1/p = a n , 

for all n. li p = 2, it is well known that interpolating sequences for 
Hardy spaces are interpolating for L\ w as well. (For example, this fol- 
lows from [2~9l p. 23] by recalling the fact which is a "'folk knowledge": 
the pointwise multipliers of L 2 aw into itself are precisely the bounded an- 
alytic functions.) This interpolation result can be extended for the other 
values of p > 1. 

Theorem 1. If b w > — 1, then every interpolating sequence for H°° is interpo- 
lating for L p (w), p > 1. 
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Proof. Our proof uses Bekolle's theorem 10 and Luecking's duality theo- 
rem [|22|. To be more explicit, if - + - = 1, let 7 > — — - and use a similar 
argument to the above to obtain that 

p/q 



w(t)dt 



1 \ p/q 

(1 - ty q w- q/p (t)dt J < C(l - r) P7+ 



which implies that it;(|^|)(l — |2:|)~ 7 belongs to the Bekolle class Bp (7), or 
equivalently, = u> _9//p (,2)(l — I^D^ -1 ) 7 belongs to -8,7(7). Then by a 
result in [6] it follows that the sublinear operator P 7 defined by 

(2) P,f(z)= f [^-=1^ 1/(01^(0, 



C^l 7+2 

is bounded from — 

| z |)?t w -?/p^) i nto itself. The duality theo- 
rem in ||22|| then identifies the dual of L p (w) with L q a {y) via the standard 
weighted Bergman pairing with index 7. In other words, the norm in 
L p (w) is equivalent to 



(3) sup 



f(z)g(z)(l-\z\ 2 ydA 



: g E L Q a {w) , \\g\\ q v < 1 



Now let (z n )^ =1 be an interpolating sequence for H°°, let B be the Blaschke 
product with zeros Z\, . . . , z n , . . . and let a = (a n ) E £ p . We claim that the 
solution f a of the interpolation problem defined above is given by 

uz) = 5>(mw)(i - \ Zn \rr i/p n { -~i z :!7 +1B [ z L \ ■ 

^ (1 — z Tl zy +1 (z — z n )B\z n ) 

In order to verify this, it suffices to show that 

II fa \\p,w — C 

for some constant C and all sequences a 6 £ p with finitely many nonzero 
terms. Denote by B n the Blaschke product with zeros {z k : k 7^ n} 
taking multiplicities into account, and recall that the values \B n (z n )\ are 
bounded away from zero by ©. By © we have 

||/a||p,ui ^ 



<C sup ^|a n | W - 1 / p (|^|)(l-|z n |r+ 2 /^(^ n ) 

I.'./ 

< C||a||#> 

II0II 

Since (^ n )^=i is separated, there is a fixed R e (0, 1) such that the disks 

A„ = {CG©: \(-z n \<R(l-\z n \)}, 



sup ( J>-^(|* n |)(l - |z n |)" +2 P 7 ^(^^ 
g\\ q ,v<i \ n 
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are pairwise disjoint. Moreover, it is easy to show that P 7 g is almost con- 
stant on these disks, i.e., there exists c > independent of g such that 

c^P^iz) < P 7 g(C) < c P y g(z) , z, ( e A n . 

This, together with Lemma [TJ leads to 

sup \z n \)^ +2 P q g{z n ) 



\\g\\q,v<i ' 



<C sup ^w^ p (\z n \)(l-\z n \)<" f P q g(z)dA(z) 

||S||«,«<1 n J A n 

<C sup [ P^g{z)w- q/p {z){l-\z\) qi dA{z) 

\\Q\\q,v<l n J An 

< sup I P q g{z) W - q/p {z){l-\z\) qi dA{z). 
ILallo.u<l Ju„ A„ 



\\g\\q,v<i Ju n A r 

and the result follows by ©. □ 

2. Main results 

In what follows, for a nonconstant analytic function / in D and a func- 
tion u : © — > M + we will consider the sum 

/(*)=£ 

the multiplicities being taken into account. In particular, such sums will 
be useful to denote the summation over all the zeros of a Blaschke prod- 
uct. We remind the reader that most results obtained in the literature on 
the integrability of B' are obtained under certain special assumptions on 
the distribution or moduli of the zeros of B. 

Our first statement in this section generalizes or adds new information 
to several known results. Besides complementing the well-known state- 
ment (attributed to Rudin) that 



|5'ili<c (i-kl)iogT^ 



B(z)=0 1 1 

it also includes as special cases several propositions from the recent pa- 
pers such as (15l and UTTH . 

Theorem 2. Let wbe a normal function and let 1/2 < p < oo. 

(i) Assume that a w < 2p — 2, b w > — 1, if 1/2 < p < 1, and that a w < 
p — 1, b w > p — 2, if p > 1. Then there exists a positive constant c PjW 
such that for every Blaschke product B we have 

(4) \\B%, w <c P , w (1-M) 2 -MM)- 

B(z)=0 
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If 1/2 < p < 1 and a w = 2p — 2, b w > — 1, or ifp > 1, a w = p— 1, b w > 
p — 2, and w satisfies the condition (*) in Proposition]]} then there exists 
a positive constant c P:W such that for every Blaschke product B we have 

(5) \\b%, w <c p , w (i-Nr^(W) . 

B(z)=0 



(ii) Suppose that the zero set of the Blaschke product B is separated with 
separation constant 5 > 0. Suppose that either a w < 2p — 2, b w > —I, 
when 1/2 < p < 1, or a w < p — 2, b w > —1, when p > 1. Then, in both 
cases, there exists a positive constant c PtW> g such that 



(6) E ^-\A?- p w{\A)<c P , w A\B%, w - 

B(z)=0 

If either 1/2 < p < 1 and a w = 2p — 2, b w > — 1, or p > 1, a w = p — 1, 
b w > P — 2, and w also satisfies the condition (*) in Proposition [TJ then 
there exists a positive constant c PtWj s such that for every Blaschke product 
B we have 

oo „ 

(7) V {l-\z\f^w{\z\)<c p ^ s / \B\z)\Vw{\z\)\og——dA{z). 

Proof. To prove (i) we assume first that 1/2 < p < 1. Start off with the 
inequality 



IB' (C )I < y lz_L* 

B(z)=0 1 



2 



CI 



2 



which is quite straightforward to deduce (see [ITj|, for example). For p < 
1 this implies 



\B'\ p wdA< V (l-|z| 2 ) p / —^Q--dA{z) 



Thus for 1/2 < p < 1, part (i) follows by a direct application of Theorem [T] 
(i) and (iii), with m = 2p — 2. 
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In the case p > 1 we can apply the Schwarz-Pick lemma together with 
the elementary inequality (1 — x 2 ) p < —2 logx, x e [0, 1], to obtain 



\B'\ p wdA < 



:i-\B(o\ 2 r 



w(\C\)dA(C) 



(i-KI 2 ) p 

<-2 / tog|B(C)|«;(|C|)(l-|C| 2 )- p ^(C) 

:i-ici)-Mici)^(o 



/ log 




Jo 





= 2 E 

B(z)=0 ' 

= 2 2_. Jp-2,w{ z ) ? 
B(z)=0 

and the result follows by Theorem [T] (ii) and (iv). 

(ii) Assume that the zero set of B is separated with the constant of 
separation 8 > 0. Then there is a fixed R e (0, 1) depending only on 8 
such that the disks 

4 = {(GD: |C-*|<fl(l-|*|)}, B(z) = 0, 
are pairwise disjoint. Moreover, 

p(R) = sup{|S(C)| : C e U B(2)=0 A 2 } < 1 . 

See, for example, [15, pp. 681-682] or 1123 II . 

By Lemma [0 the obvious estimate for the area of the disk A z/ and an 
application of the standard Green's formula (see, e.g., illOl p. 16] for a 
formulation in the smooth case), and a routine Laplacian computations, 
for every r/ > we have 

(i-p(R) 2 ) v E C 1 - N) 2 ~MM) 

B(z)=0 



^ E 

B(z)=0 



a(C)l 2 )MICI)(i-|CI)-*dA(C) 



<C /(i-|i?(C)| 2 )^(ICI)(i-|CI)- p ^(C) 

1-C£ 



^ / All -|^(0| 2 )" / log 



«;(|C|)(l-|CI)- p dA(C)dA(0 



< 



2r^ 2 Cii' 



7T 
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where the last inequality follows from Proposition [T] (ii). Now if p < 2, 
we choose 77 = 2 and apply again the Schwarz-Pick lemma to obtain 

(i-p(R) 2 ) v E (i-M) 2 ~MM)< — / \B'(0\MmA(0- 

In the case when p > 2, we choose 77 = 2 + £^ and apply Holder's 
inequality (in addition to an argument used earlier in the proof of part (i) 
and Proposition [T] (ii)) to obtain from above 

(i-p(R) 2 r E (i-M) 2- MM) 

B(z)=0 



P-2 

p 



< ^P'llf,™ / (1 - |fi(OI 2 )(i - |£|)-M|£|)dA(£) 

VD 

<cl||£'||L f-2 / iog|B(0|(iH£l)~MI£l)^(O 



p-2 
P 



p-2 
P 



K B(z)=0 

<c;\\B'\\l w j E (i-M) 2 -MM) 

\B(*)=0 

and the first estimate follows. The proof of the second inequality in (ii) is 
almost identical and will be omitted. □ 

Let us observe right away that one of the main results of Fricain and 
Mashregi ||TTf is a direct consequence of Theorem |2](i). In fact, our result 
together with the obvious estimates 

-[ \B'(z)\ p w(\z\)(l- \z\fdA{z) < sup w(r){l-r) [ \B' (re u )\ p dt 

£ J\z\<\/2 l/2<r<l Jo 

< 2 I \B'(z)\ p w{\z\)dA{z) , 

J\z\<\/2 

where e > 0, lead to the following result. 



Corollary l.Ifw and p satisfy the conditions in Theorem^ (i) then there 
exists a constant c PjW > such that 

sup w(r)(l-r) \B'(re u )\ p dt< Y] (1 - \z\) 2 ~ p w(\z\) , 

l/2<r<l Jo „ 



B(z)=0 
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when a w < 2p — 2, 1/2 < p < 1, or a w < p — 1, p > 1, and 



sup w(r)(l-r) [ \B'{r^)\ p dt< (I - \z\) 2 ~ p w(\z\)\og—^— 

l/2<r<l io s(z)=Q l-l^l 

when a w = 2p — 2, 1/2 < p < 1, or a w — p — 1, p > 1. 

If w and p satisfy the conditions in Theorem [2] (ii) and the zero set of the 
Blaschke product B is separated with separation constant 5 > 0, then for every 
e > there exists a positive constant c PjWt s, £ such that 

oo „2vr 

J2(l-\z\f- p+£ w(\z\)<c PjWjS , £ sup w(r)(l-r) \B' \re lt )\dt . 

n=1 l/2<r<l JO 



The lower estimate given in the second part of Theorem |2] cannot be 
expected to hold for general Blaschke products. For example, if p = 1 and 
B is a finite Blaschke product then it can be seen that IK-B^'Hi,™ = o(n), 
as n — » oo, while 

(i-NHM) = n Yl (i-NHW), 

_B"( 2 )=0 S(z)=0 

for any normal weight u>. From this point of view, the limit cases a w = 
2p — 2, 1/2 < p < 1, and a w — p — 1, p > 1, raise even more delicate 
problems. 

It turns out that an asymptotically sharp estimate of the integrals con- 
sidered here can be obtained even for general inner functions, if we con- 
sider pre-images of several points in the disk. To this end we introduce, 
for a normal weight w, p > and analytic functions / in D, the generalized 
counting functions 

(8) JWC)= E (i-M) 2 -MM), 

/(*)=< 

and 



(9) n^ p (0 = ]T(i- M) 2 -MM) log 



— z 



This notation allows us to formulate a result on integrability of the deriv- 
ative of a general inner function rather than just for a Blaschke product. 

Theorem 3. Let w be a normal function and let 1/2 < p < oo. Then there 
exists a positive constant c PtW such that for every inner function 6 and every 
e e (0, 1/2) we have 

(10) c-i / iV 0iPiW (C)cM(C) < \\9% >w < e- 2 c p , w [ N , p , w (()dA(O , 
J\<;\<e fc\«: 

if '1/2 < p < 1, and a w < 2p—2, b w > —1, orp>\ and a w < p—1, b w > p—2. 
Moreover, in the limit case, when 1/2 < p < 1, a w = 2p — 2, b w > —I, or 
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p > 1, a w = p — 1, 6 W > p — 2, if w satisfies the condition (*) in Proposition]]] 
then 

(11) \\9% >w < e-%, w [ Nl p J()dA(0, 

J\C\<6 



and 



(12) / N e , PlW (OdA(0 < c p , w [ |0'(C)IMICI) log— ^<M(C) ■ 
J\(\<e Jn 1 — Is. I 

Proof. By Frostman's theorem [12, Theorem 6.4], for almost every ( e D, 
the function 6^ = (6 - 0(1 - is a Blaschke product. If |£| < £ < 1/2 
we can apply Theorem |2](i) to obtain 



p,w 



c 

< — 



l€1<= 



\t\<e 



E a- n) 2 ~mm) I ^(o 

%(z)=o 



and the upper estimate in (|10|) follows. The proof of (|TT|) follows exactly 
the same steps, using Theorem |2](iii). 

To get the lower estimate in (flu) , assume first that p < 2, and use 
the standard change of variable formula If30l p. 186] together with the 
Schwarz-Pick lemma to obtain 



N e , p , w (()dA(() = / \9'(C)\M\C\)(l - ICI) 2 ^(C) 

C|<e J\0\<e 

< / |0'(C)IMiCI)^(C). 



If p > 2 we have as above 



Ce 2 j N e , p , w (0dA{C) 

Jici< e Jici< e v |i-?Cr / 

= / / (i - i%(oi 2 r 2 i^(c)i 2 ^(ici)(i - ici) 2 -^(o^(o . 
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By Holder's inequality and Proposition [T] (ii) we obtain 



tV / Ng iPiW (C)dA(C) 

J\C\<6 



P-2 

p 



< ^ii^'iil ( / iv^«(0dA(e) 



p-a 
p 



Finally, ((12)) follows by the same argument. □ 

There are two remarks to be made here. The first one is the following 
interesting corollary. 

Corollary 2. Let (p 1 ,p 2 ) e (1/2, 1] x (1/2, 1] u (1, oo) x (l, oo), with < 
p 2 — Pi < 1/ an d assume that the weight w satisfies b w > —1, a w < 2p\ — 2, 
when 1/2 < p 1 < p 2 < 1, and p 2 — 2 < b w < a w < p 1 — 1 when pi,p 2 > 1. 
Then there exists a constant c > depending only on pi,p 2 and w such that for 
every inner function 6 we have 

c- x \\e'\\%, w < [ \e\z)rw{z){i-\z\Y^HA{z)<c\\er P l w . 

Jo 

Proof. If wi(z) = w(z)(l — \z\) Pl ~ P2 then pi,wi satisfy the conditions in 
Theorem [3] and 

Ng tPl , Wl (() = Ne tP2)W (C) . 

□ 



Note that the inequality on the left follows by the Schwarz-Pick lemma, 
but the one on the right is somewhat surprising. 

Secondly, we should say a few words about the conditions on w and p. 
The point we want to make is that they place us in an interesting type of 
spaces. For example, if w is a standard weight, w(z) = (a + 1)(1 — \z\) a , 
a > — 1, then a w = b w = a, and the assumptions are 

ct<2p-2, if 1/2 < p < 1 , p — 2<a<p — l, if p > 1 . 

If a > p — 1, p > 1/2 then the derivative of an arbitrary if 2 -function 
belongs to L p ' a = L p a (w), and if 2 > p > 1, a < p — 2, only the derivative 
of a finite Blaschke product can belong to this space. 
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3. The use of duality 

If p > 1, the conditions p — 2 < b w < a w < p — 1, considered in the 
previous section, ensure that the dual of L p (w) can be identified with 
L q (w~ q / p ), i + ~ = 1 (see 1122 II ), with respect to the unweighted Bergman 
pairing 

(/, g)= f fgdA , 

Jo 

i.e., the LP(u>)-norm can be estimated as 



(13) \\f\\ P ,w ~ sup 



IIsII, iUI -,/p<i 



fgdA 



This information proves useful, for it provides an additional tool for esti- 
mating the LP(w)- norm of derivatives of Blaschke products. By a direct 
computation based on the Cauchy-Green (Stokes) formula IflOl p. 17], we 
have 

(14) / fgdA = i / J(z)g(z)dz , f,geH 2 . 

JO L% J\z\=\ 



An immediate application of {T4J) is the following result related to the 
so-called jF-property 

Proposition 2. If p > 1, and p — 2<b w <a w <p — l, there exists a positive 
constant c WyP depending only on p and w such that such that whenever X , 6 2 are 
inner functions with QijQ\ G H°°, we have 

11^1 ||p, w — Cp,w || ^2 \\p,w ■ 

Proof. By (O we have that 

/ ¥ l9 dA= [ ¥ 2 %-gdA, 

Jo Jo y 2 

whenever g 6 H 2 . Since H 2 is dense in L p a (w), the result follows by (|13|) . 

□ 

If / = B is a finite Blaschke product with simple zeros, then using the 
fact that B(z) = l/B(z) when \z\ = 1, we can evaluate the line integral in 
((H]) with help of the residue formula. Since H 2 is dense in L q a (w~ q l p ) we 



have in this case 



(15) \. f B{z)g{z)dz = nJ2 Vf^^ ' 9 G Ll{W ~ 



|z|=l 



where (z n )™ =1 are the zeros of B and, as before, B n denotes the Blaschke 
product with zeros {zk : k ^ n}. We will also use the notation B^ for 
the N-th partial product of the Blaschke product B. 
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Proposition 3. Assume that p > 1, and p — 2 < b w < a w < p — 1. Then: 
(i) For every Blaschke product B with simple zeros we have 

N 



\B'\\p,w x lim sup sup 

N-*oo \\g\\ _ o/b <1 



Ei 



ztfere fhe constants involved depend only on p and w. 

(ii) If the zero sequence (z n )™ =1 is interpolating for L q a (w~ q / p ) then 

- \z n \f^w{\z n \) 



\B'\\ P 

I \\p,w 



E 



\BJz n )\P 



In particular, this holds whenever B is an interpolating Blaschke product. 
Proof, (i) By Proposition |2] it follows immediately that 



lim sup sup 



N—nx> 



<1 



N 

n=l v^n 



1 ~ \z n \ 
[N], 



-9\z n 



< C\\B'\ 



Conversely let g be a polynomial such that w - g / P < 1 and 



B II i) in < c 



Ip, to 



B'gdA 



where C depends only on p and w. Since 

/ B'gdA = lim / (BW)'gdA 
Jd n -*°° Jo 

the result follows. 

(ii) If (z n )™ =1 is interpolating for L q a {w~ q / p ) then 



sup 

r.»-«/f 



<1 



2V 



n=l l^n 



sup 

(*n)||i?<l 



2 ^ rAn Xr ' 



n=l 



sf ] (0 



E 

n=l 



(1 - |^ w |) 2 -^(|^|) 
|5f ] Un)| P 



and the result follows by the monotone convergence theorem. □ 

It is interesting to note that part (ii) together with Theorem |2](i) yield an 
average lower bound for \B n (z n ) | in the case when (z n )™ =1 is interpolating 
for L q (w- q/p ). We have that 



(16) E 



(i - |^ n |) 2 -M|z n |) 



\BJz n )\P 



<C7j>-M 



2-p 



w(|z n |)|S n (z n , 



We now turn to Cohn's theorem |7j which asserts that for interpolating 
Blaschke products B and s e (1/2, 2/3) we have 



2s 

B' e H—s 
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where Kb = H 2 QBH 2 , and K' B denotes the set of derivatives of functions 
in K B . Given a Blaschke product B and p > 1 we denote by 



i + i = i 

v q 



K p B = H p f] BHq = (BH q ) 

and by (K B )' the set of derivatives of functions in K P B . 

Theorem 4. Let B be an interpolating Blaschke product, let p > 1, and let w 
be a normal weight. Let I < s < p and assume that s — 2+- < b w < a w < s — 1. 

Then (K P B )' c L s a {w) if and only if B' G L a ^{w^). 

Proof Since (^n)^Li is an interpolating sequence, a function f e H p be- 
longs to if and only if it can be written as 

n 

where the numbers c n G C are uniquely determined by / and z n , n = 
1,2,..., are the zeros of B. Moreover, 

ii/ii? x 

n 

Now let r > 1 be given by £ = i — - and denote by r' and s' the conjugate 
indices of r and p, respectively; that is, 

1111 

- + - = - + - = 1. 

r r s s 

By the condition on w, we see that we can apply ((131) to obtain 

supfll/'IU : feK p , ||/||h»<1} 



sup 



sup 



f'gdA 



: yL B _^.<l,/Gi^ 1 \\f\\ H v <1 



: IMIs'.uj- 3 '/.' 



<i,^| Cn r<il 

n J 



Now recall that, by Theorem [TJ (z n )^ =1 is interpolating for s '^ s ), 
hence 



sup 



,1/9 



sup 



^z n c n g{z n ){l - 

Y,anCnW{\Zn\) X/S {l-\Zn\) l/q - 2/S ' 



i, j>„r <ll 

n J 

: ^M S '<1, ^|c n | p <l 



With our notations, we can rewrite this as 

su P {||/'||;« = / e ^, ll/lk, < i} x J>(|z n |y/ S (i - |z n |)^- 2 ^' 
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and since - — -7 = -, we obtain 

q s' r' 

sup{||/'||^ : / G JC?, < 1} x Y,™{W\) r/s {l - kn|) 2 - r/g . 

n 

Finally, from the fact that 

s s 
we see that the conditions in the statement are equivalent to 

2 < b w r/s < a w r(s < 1 , 

q q 
and since ^ > 1, Theorem |2] yields 

y^w{\z n \yl s {l-\z n \f- r '^ [ \B'Y /q w r ' s dA, 

which completes the proof. □ 

We should point out here that the case when s > p can be treated simi- 
larly, but it leads either to the limit cases in Theorem|2l or to trivial results. 

4. Derivatives of higher order 
It is well known that 

„ n— 1 « 

/ |/(z)|^)xV|/W(0)P+ / \f^\z)\P(l-\z\ 2 )^dA(z) 
Jo k=0 Jo 

and it turns out that this extends to weighted Bergman spaces with nor- 
mal functions as well. 

Theorem A. If b w < 1 then 

n—l „ 

El/ W (0)| p + / \f {n \z)ni-\z\Y P w(\z\)dA(z). 

!._n JO 



n-1 

P 

p,w 

k=0 



In the unweighted case w = 1, the above statement is a well known 
theorem of Hardy and Littlewood (cf. B Chapter 5] where one inequal- 
ity is proved, and the other can easily be proved using the techniques 
displayed there). The above generalization was proved explicitly in [51 
for p > 1 and in [19] for p < 1. 

Taking into account that the radial function w is normal if and only if 
the associated function W (z) = (1 — is normal, one can derive 

from Theorem lAl various analogues of our main theorems for derivatives 
of higher order. Just to illustrate a flavor of such results, we now state 
without proof one such statement. 

Theorem 5. Let wbe a normal function and let 1/2 < p < 00. 
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(i) Assume that a w < 2p — 2, b w > — 1, if 1/2 < p < 1, and that a w < 
p — 1, b w > p — 2, if p > 1. Then there exists a positive constant c P)W 
such that for every Blaschke product B we have 

n-l 

J2\B {k \0)\ P +\\B^\\i w <c p , w £ (l-\z\?- np w(\z\). 

k=0 B(z)=0 

(ii) Suppose that the zero set of the Blaschke product B is separated with 
separation constant 5 > 0. Suppose that either a w < 2p — 2, b w > — 1, 
when 1/2 < p < 1, or a w < p — 2, b w > —1, when p > 1. Then, in both 
cases, there exists a positive constant c P)W) s such that 

oo n—l 

£ (i - M) 2 -MM) < El 5(fc) (o)l p + c P ,^||fi w ||^. 

B(z)=0 k=0 
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